Chapter 7

Complex numbers

(Usually Q3 or Q4 on Paper 1)

This revision guide covers

Complex numbers | 2%
Portumna CS Ordinary Level Maths

Be rational

o Real and imaginary part to complex numbers

o Plotting complex numbers on a graph (Argand
diagrams)

o Adding/ Subtracting complex numbers (Put in brackets)

o Multiplying complex numbers

o The conjugate

o Dividing complex numbers (Can never haveiin the
denominator, so multiply by denominators conjugate)

o The modulus [a+bi] means get the Va? + b?
o Simplify complex numbers

o Quadratic equations with complex numbers
o Transforming complex numbers
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o ldentify the real and imaginary parts of the complex number:

Complex number Real part Imaginary part (i)

3+ 2i 3 +2

8-6i

4+3i

5-6i

4i

5+ 8i

6

o Plotting these complex numbers on an Argand diagram:

The x-axis (real axis) with real numbers and the y-axis (imaginary axis) with
imaginary numbers. (3, 8)

3 + 8i Y
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The complex number is represented by the point or by the vector from the
origin to the point.

LN
=
m
g
=]
= 1i 24i
L= Y ™
m
E
-1 1
B T real axis

NOTE:




Complex numbers
Portumna CS Ordinary Level Maths

©

3 + 8i

-4 + 4
10k 1o}
al B:
6} a3
al ni
2} of
06 6 4 2 [ 2 4680 08642248680
G _,2_
_4: _4:
.5: -E:
-E|: ,3:
10} 10}

-5 + 2i
/7 + 4i

10

K & | 00 00

LI D I I R R R N B e
AN I R R R R B B B

P N T TR T T (. JPCIN N T N N (N (N N I I T N T N T ™S

06 6 4 2 1 2 46 810 1086422486810
2t ol
_4: 4}
e ol
Bk gk
10} 10}
L L'



Complex numbers
Portumna CS Ordinary Level Maths

o Adding complex numbers (Put in brackets)

Solve (5 + 20i) + (10 + 5i)

Group the real part of the complex number and the imaginary part of the

complex number.

(5 + 20i) + (10 + 5i)

= 15 + 25i

Combine the like terms and simplify.

Answer is: 15 + 25i

Solve the following questions:
Q1. (4 +8i) + (9 + 10i)

Step 1: Group the real parts together:

Step 2: Group the imaginary parts together:

Step 3: Put together (real part first, imaginary second):

Q2 (7 + 22i) + (15 - 4i)

Step 1: Group the real parts together:

Step 2: Group the imaginary parts together:

Step 3: Put together (real part first, imaginary second):

Q3 (7 + 5i) + (6 + 4i)

Step 1: Group the real parts together:

Step 2: Group the imaginary parts together:

Step 3: Put together (real part first, imaginary second):

(2 + 15i) + (5 + 5i) Answer:

Q4.
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o Subtracting complex numbers (Put in brackets)

z;,=9-18i 2z, =12-6i Whatisz; — z,?
Answer:
(9 - 18i) - (12 - 6i)

Group the real part of the complex number and the imaginary part of the
complex number.

=9-18i- 12 -6i
Combine the like terms and simplify.
=9-12 - 18i + 6i

=-3-12i

Note: PUT THE COMPLEX NUMBERS IN BRACKETS BEFORE
SUBTRACTING!! This will avoid errors.

Q1. Solve Z1— Zy when Z1 = 3 —13i Zy = 14 + 5i

Step 1: Put complex number in brackets:

Step 2: Multiply out the second bracket by the minus sign:

Step 3: Put the real numbers together:
Step 4: Put the imagery numbers together:

Step 5: Put together; real number first, imaginary number second:

Q2. Solve Z1— Zy when Z1 = 9—-17i Zy = 13 — 5i

Step 1: Put complex number in brackets:

Step 2: Multiply out the second bracket by the minus sign:

Step 3: Put the real numbers together:
Step 4: Put the imagery numbers together:

Step 5: Put together; real number first, imaginary number second:
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Q3.Solve z; — 2z, whenz; =15—-3i 2z, =18 + 3i

Step 1: Put complex number in brackets:

Step 2: Multiply out the second bracket by the minus sign:
Step 3: Put the real numbers together:
Step 4: Put the imagery numbers together:

Step 5: Put together; real number first, imaginary number second:

Q4.Solve z{ — 2z, whenzy =—-2+2i z,=-1-6i

Step 1: Put complex number in brackets:

Step 2: Multiply out the second bracket by the minus sign:

Step 3: Put the real numbers together:
Step 4: Put the imagery numbers together:

Step 5: Put together; real number first, imaginary number second:

Q5.Solve z; — 2z, whenz; =0i 2z, =4+ 8i

Step 1: Put complex number in brackets:

Step 2: Multiply out the second bracket by the minus sign:

Step 3: Put the real numbers together:
Step 4: Put the imagery numbers together:

Step 5: Put together; real number first, imaginary number second:

Q6.Solvez{ — 2z, whenZ =3+4i W =5-9i

Answer:
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o Multiplying complex numbers

. . Note to remember:
Solve 4i(10+12i)
iZ= -1
4i (10 + 12i) B 1
4i(10) +4i (12i
i(10) +4i (12i) P
40i + 48i2
40i + 48(-1) 02__ 1
==
40i -48 l
-48 +40i complex

Ql:Solve (z1)(z;) whenzy =4i 2z, =4+ 8i

Step 1: Sub in the complex numbers:

Step 2: Multiply out:

Step 3: Note i2 = —1, subin for i?:
Answer:
Q2:Solve (z1)(z2) whenzy =-3i 2z, =-1-2i

Step 1: Sub in the complex numbers:

Step 2: Multiply out:

Step 3: Note i> = —1, subin for i?:

Answer:

Q3:Solve (z1)(z;) whenzy =5i 2z, =5-6i

Step 1: Sub in the complex numbers:

Step 2: Multiply out:

Step 3: Note i> = —1, sub in for i?:

Answer:
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Q4 Solve: (6= 30(3 =1

Step 1: Re-write out the brackets so first part by last bracket and second part of first by last bracket:

Step 2: Multiply out:

Step 3: Note i> = —1, sub in for i?:

Answer:

Qs Solve: (8~ ) (6 30)

Step 1: Re-write out the brackets so first part by last bracket and second part of first by last bracket:

Step 2: Multiply out:

Step 3: Note i> = —1, sub in for i?:
Answer:

(4 - 2i)?
Q6 Solve:

Step 1: Remove square by rewriting in brackets:

Step 2: Re-write out the brackets so first part by last bracket and second part of first by last bracket:

Step 2: Multiply out:

Step 3: Note i> = —1, subin for i?:

Answer:
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o The conjugate

Explanation#1
To find the conjugates remember: The conjugate of a + bi = a - bi

-9i=09i

Explanation#2
We will follow a very similar procedure to number 1.
Using: a + bi =a - bi

5+ 20i =5 - 20i

Q1. Write the conjugates:

Complex number The conjugate
3-4i 3+4i

6-2i

5+6i

Q2.

Find the complex conjugate of the following numbers and check your answers using
the interactive file.

Calculate - .

al zy=3+2i

bl z1=2+3)

€| 21 =1-3i




Complex numbers
Portumna CS Ordinary Level Maths

o VERY IMPORTANT QUESTION!
Dividing complex numbers (Can never have i in the

denominator, so multiply by denominators conjugate)

Solve z—l where 2z;=7 and Z, =4+ 3i
2
Explanation:

To finding conjugates remember: The conjugate of a + bi = a - b
Original number: 4 + 3i
Step 1) Determine the conjugate of the denominator.

Conjugate: 4 - 3i

(7) (4-3i) (7)(4=31)
(4+30) (4-31) = (4430)(4-31) Step 2) Muitiply the top and bottom by the conjugate.
28 -21i 28 =21i

Gt 26. 9(=1) Step 3) Simplify

28 -21i
1649

28 -21i 7(4 =3i)
95 = 9%

7(4 -3i)

]

So the answer is
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Z .
Solve Z—l where 2z;,=2 and z,=2-3i
2

Step 1: Substitute in complex number using brackets:

Step 2: Note: An ‘i’ cannot be in the denominator so you will need to multiply the top and
bottom by the conjugate: the conjugate is

Step 3: Multiply top and bottom by conjugate

(ensure conjugate is in brackets)

Step 4: Multiply out the brackets on top and bottom:

Step 5: Add the real number together and imaginary numbers together on top and bottom
line.

Step 6: Note i> = —1, sub in.

Step 7: Answer: Make sure there is no ‘i’ in the denominator

position.
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Solve z_1 where z;=2+4i and z, =1-2i
2

Step 1: Substitute in complex number using brackets:

Step 2: Note: An ‘i’ cannot be in the denominator so you will need to multiply the top and
bottom by the conjugate: the conjugate is

Step 3: Multiply top and bottom by conjugate

(ensure conjugate is in brackets)

Step 4: Multiply out the brackets on top and bottom:

Step 5: Add the real number together and imaginary numbers together on top and bottom
line.

Step 6: Note i> = —1, sub in.

Step 7: Answer: Make sure there is no ‘i’ in the denominator

position.
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Solve z_1 where z;=6+5i and z, =2-1i
2

Step 1: Substitute in complex number using brackets:

Step 2: Note: An ‘i’ cannot be in the denominator so you will need to multiply the top and
bottom by the conjugate: the conjugate is

Step 3: Multiply top and bottom by conjugate

(ensure conjugate is in brackets)

Step 4: Multiply out the brackets on top and bottom:

Step 5: Add the real number together and imaginary numbers together on top and bottom
line.

Step 6: Note i> = —1, sub in.

Step 7: Answer: Make sure there is no ‘i’ in the denominator

position.
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Solve z_1 where z;=1-2i and Z, =4 —1i
2

Step 1: Substitute in complex number using brackets:

Step 2: Note: An ‘i’ cannot be in the denominator so you will need to multiply the top and
bottom by the conjugate: the conjugate is

Step 3: Multiply top and bottom by conjugate

(ensure conjugate is in brackets)

Step 4: Multiply out the brackets on top and bottom:

Step 5: Add the real number together and imaginary numbers together on top and bottom
line.

Step 6: Note i> = —1, sub in.

Step 7: Answer: Make sure there is no ‘i’ in the denominator

position.
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Solve z_1 where z;=3+1i and zZ, = 3-3i
2

Step 1: Substitute in complex number using brackets:

Step 2: Note: An ‘i’ cannot be in the denominator so you will need to multiply the top and
bottom by the conjugate: the conjugate is

Step 3: Multiply top and bottom by conjugate

(ensure conjugate is in brackets)

Step 4: Multiply out the brackets on top and bottom:

Step 5: Add the real number together and imaginary numbers together on top and bottom
line.

Step 6: Note i> = —1, sub in.

Step 7: Answer: Make sure there is no ‘i’ in the denominator

position.
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o The modulus |a + bi| means get the Va? + b?

Find |3 + 4i (13 +4il =32+ 47 =5 |
Answer: imag I,.a ' T
axjs i 3 4
V32 + 42 T
&
V9 + 16 2
vl
2 4
V25 P
[real || 0%
_5 _axis |
b I'r L

Q1: Solve |5 + 5i]|

Step 1: Find Va2 + b2 =

Answer:

Q2: Solve |2 + 8i|

Step 1: Find Va? + b? =

Answer:

Q3: Solve |6 + 4i]|

Step 1: Find Va? + b? =

Answer:

Q6: Solve |9 + 6i]|

Answer:
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o Simplify complex numbers
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o VERY IMPORTANT QUESTION:
Quadratic equations with complex numbers

Note: vV—b =b i

Verify that 4-3i is a root of z2 — 8z + 25 =0

7> —8z+4+25=0

H A

_JJ + \ Ir-' - dac

2a

Step 1: Use
Step 2: Write out values for a, b, c:

a=1 b= -8 c=25

(=8)+4/(—8)2-4(1)(25)
2(1)

8 +v64—-100 8 +V-36 8 +V36i 8t 6i
. =

Step 3: sub values into formula to find roots.—

Step 4: Simplify . > > >

Step 5: Write down the two possible roots:

4+3i or 4-3i
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Verify (2+3i) is a root of the complex number z> -4z +13=0

_-:'J + hj - dac

I =
2a
Stepl: Use formula:
Step 2: Write out values fora, b, c: a= b= c=

Step 3: Sub the values into the formula:

Step 4: Simplify:

Step 5: Note'V —b = \/E I

Write down the 2 possible values of the roots:

and

Step 6: Verified? Tick if yes:



Complex numbers
Portumna CS Ordinary Level Maths

_ +,j 2 _
Solve by Quadratic Formula: x = b+ 2ba dac
1) z*+z=12 2.) 3z2=7-2z 3) z7+1=72
Roots: Roots: Roots:
and and and

Discriminant = b? — 4ac
If b? — 4ac < 0, then the equation has 2 imaginary solutions
If b? — 4ac = 0, then the equation has 1 real solution

If b? — 4ac > 0, then the equation has 2 real solutions

Find the discriminant of the quadratic equation and give the
number and type of solutions of the equation.

1) 3z2-5z=1 2) 72=-32-7
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o Transforming complex numbers

Rotating a complex number involves multiplying the number by i:
Rotate by 90 degrees: Multiply the complex number by i
Rotate by 180 degrees: Multiply the complex number by i?

Rotate by 270 degrees: Multiply the complex number by i3

Rotate the complex number 2+4i by 90 degrees:

Step 1: Multiply the complex number by i:

Step 2: Note i2 = -1, sub in and solve:

Rotate the complex number 3+4i by 180 degrees:

Step 1: Multiply the complex number by i%:

Step 2: Note i3 = -1i, sub in and solve:
Rotate the complex number 5-6i by 270 degrees:

Step 1: Multiply the complex number by i3:

Step 2: Note i* = 1, sub in and solve:

Notes to self on complex numbers :




